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Abstract
The half-BPS boundary conditions preserving N = (2, 2) and N = (0, 4)
supersymmetry in 3d N = 4 supersymmetric gauge theories are examined. The
BPS equations admit decomposition of the bulk supermultiplets into specific
boundary supermultiplets of preserved supersymmetry. Nahm-like equations
arise in the vector multiplet BPS boundary condition preserving N = (0, 4)
supersymmetry and Robin-type boundary conditions appear for the hypermul-
tiplet coupled to vector multiplet when N = (2, 2) supersymmetry is preserved.
The half-BPS boundary conditions are realized in the brane configurations of
Type IIB string theory.
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1 Introduction
The boundary conditions for supersymmetric field theory preserving a part of super-
symmetries of the original bulk theory provide important new ingredients and insights
to the original system, for example, the description of branes in string/M-theory and
in target space of the field theories, dualities or holography in the presence boundary
conditions, mirror symmetry, and also Geometric Langlands Program. The supersym-
metric (SUSY) boundary conditions have been studied in a number of contexts such
as 2d N = (2, 2) theories, [1, 2, 3] 4d N = 4 theories, [4, 5, 6, 7] 3d N = 2 theories,
[8, 9] and 3d N = 4 theories, [10] and BLG and ABJM theories [11, 12, 13].
In this paper, we study the half-BPS boundary conditions of 3d N = 4 supersym-
metric theories preserving N = (2, 2) and N = (0, 4) supersymmetry at the boundary,
which we call A-type and B-type, respectively. We explicitly calculate the boundary
BPS equations for the 3d N = 4 pure vector multiplet, pure hypermultiplet, hy-
permultiplet coupled to vector multiplet such as SQCD, and also its supersymmetric
deformations by Fayet-Iliopoulos (FI) parameters and mass parameters. For each A-
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and B-type boundary conditions for the vector multiplet we have two sets of bound-
ary conditions, which we call “electric-like” and “magnetic-like”. Interestingly, the
half-BPS boundary conditions preserving N = (0, 4) for the vector multiplet include
Nahm-like equation. For the hypermultiplet coupled to vector multiplet, we see that
a certain types of Robin boundary conditions arise. By studying the BPS equations,
we read off the boundary degrees of freedom arising from the bulk 3d N = 4 vector
multiplet and hypermultiplet. These are discussed in section 2.
In section 3, we propose the brane configurations corresponding to the boundary
conditions of 3d N = 4 theories preserving N = (2, 2) and N = (0, 4) supersymmetry
by introducing additional branes to the brane configuration of Hanany and Witten in
Type IIB string theory [14] realizing 3d N = 4 theories. We give a remark on the map
of the boundary degrees of freedom from the bulk supermultiplet under S-duality of
Type IIB string theory.
In section 4, we summarize our results and discuss future directions.
2 Half-BPS boundary conditions in 3d N = 4 the-
ories
In this section, we consider the (2, 2) or (0, 4)-preserving boundary conditions for
pure vector multiplet, pure hypermultiplets, and hypermultiplets coupled to vector
multiplet with FI and mass deformations. We also see the decomposition of the bulk
supermultiplet at the boundary as supermultiplets of preserved supersymmetries.
2.1 Vector multiplet
In this subsection we study the half-BPS boundary conditions for the 3d N = 4 vector
multiplet. The 3d N = 4 vector multiplet contains a three-dimensional gauge field Aµ,
µ = 0, 1, 2, three real scalar fields φi, i = 3, 4, 5, an auxiliary field F , and a fermionic
field λ. They are in the adjoint representation of the gauge group G and transform as
Aµ : (3,1,1)
φi : (1,3,1)
F : (1,1,3)
λ : (2,2,2)
(2.1)
under the SO(1, 2)×SO(3)C ×SO(3)H . The 3d N = 4 supersymmetric field theories
have the R-symmetry group SO(4)R ∼= SU(2)C × SU(2)H where the SU(2)C (resp.
SU(2)H) is the double cover of the SO(3)C (resp. SO(3)H).
3
The 3d N = 4 vector multiplet can be expressed as 3d N = 2 vector multiplet
V (Aµ, σ, λ,D) and adjoint chiral multiplet Φ(φ, ψφ, Fφ). Our notations for the 3d
N = 2 superspace and supermultiplet are summarized in the Appendix A. The action
of the 3d N = 4 vector multiplet in terms of 3d N = 2 supermultiplets is given by
SN=4V = S
N=2
V + S
N=2
Φ (2.2)
with
SN=2V =
1
g23d
∫
d3xd4θ Tr(Σ2), (2.3)
SN=2Φ = −
1
g23d
∫
d3xd4θ Tr(Φe−2V Φe2V ). (2.4)
where Σ is a linear multiplet. In component, they are
SN=2V =
1
g23d
∫
d3x Tr
[
− 1
4
FµνF
µνF µν − 1
2
DµσDµσ +
1
2
D2 − iλσµDµλ+ iλ[σ, λ]
]
,
(2.5)
SN=2Φ =
1
g23d
∫
d3x Tr
[
−DµφDµφ− iψσµDµψ + F φFφ
+ φ[φ,D]−
√
2iψ[φ, λ] +
√
2iψ[φ, λ] + iψ[ψ, σ]− φ[σ, [σ, φ]]
]
,
(2.6)
respectively. The actions are invariant under the supersymmetry transformations
δAµ = iξσµλ+ iξσµλ, (2.7)
δσ = ξλ− ξλ, (2.8)
δλ = iξD − 1
2
γµνξFµν − iγµξDµσ, (2.9)
δλ = −iξD − 1
2
γµνξFµν + iγ
µξDµσ, (2.10)
δD = −ξσµDµλ+ ξσµDµλ+ ξ[σ, λ] + ξ[σ, λ] (2.11)
for 3d N = 2 vector multiplet V with the Wess-Zumino gauge, and
δφ =
√
2ξψφ, (2.12)
δψφ =
√
2iγµξDµφ+
√
2ξF −
√
2iξ[σ, φ], (2.13)
δF =
√
2iξσµDµψφ + 2iξ[λ, φ]−
√
2iξ[ψφ, σ] , (2.14)
for the 3d N = 2 adjoint chiral multiplets Φ.
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Suppose we have a boundary in x2 direction, say at x2 = 0. Employing the Noether
method, we find the normal component J2 of supercurrent of the 3d N = 4 vector
multiplet in terms of 3d N = 2 language from the action (2.2) and the supersymmetric
transformations (2.7)-(2.14),
J2 = J2vec + J
2
adj
= −1
4
iξ2mnFmnλ+
1
2
iFm2σmλ− 1
2
Dmσσ
m2λ+
1
2
D2σλ
+
1√
2
D2φψφ −
1√
2
Dmφσ
m2ψφ +
1
2
[φ, φ]σ2λ− 1√
2
[σ, φ]σ2ψφ
(2.15)
in the on-shell where m,n, · · · = 0, 1 are space-time indices of two-dimensional bound-
ary.3
In the presence of boundary, the translation invariance is broken, so the supersym-
metry is broken in general. However, some of supersymmetry can be preserved at the
boundary by imposing specific boundary conditions, i.e. the supersymmetric or BPS
boundary conditions. The BPS boundary conditions can be found by demanding that
the normal component of the supercurrent at the boundary vanishes
0 = ξJ2 − ξJ2
= − 1
4
iξ2mnFmn(ξλ) +
1
2
iFm2(ξσmλ)− 1
2
Dmσ(ξσ
m2λ) +
1
2
D2σ(ξλ)
− 1
4
iξ2mnFmn(ξλ) +
1
2
iFm2(ξσmλ) +
1
2
Dmσ(ξσ
m2λ)− 1
2
D2σ(ξλ)
+
1√
2
D2φ(ξψφ)−
1√
2
Dmφ(ξσ
m2ψφ) +
1
2
[φ, φ](ξσ2λ)− 1√
2
[σ, φ](ξσ2ψφ)
− 1√
2
D2φ(ξψφ) +
1√
2
Dmφ(ξσ
m2ψφ)− 1
2
[φ, φ](ξσ2λ)− 1√
2
[σ, φ](ξσ2ψφ) .
(2.18)
3 We can put the supercurrent of 3d N = 2 vector and adjoint chiral multiplet in SU(2)C×SU(2)H
manifest expression, which leads to the 3d N = 4 manifest supercurrent for the 3d N = 4 vector
multiplet. Denoting 3d N = 4 fermions and scalars by
λαAA˙ =
(
λα −ψαφ
ψ
α
φ λ
α
)
, φAB =
(
σ
√
2φ√
2φ −σ
)
, (2.16)
respectively, the normal component of the supercurrent can be written as
J2vec + J
2
adj = J
2 = (J2)αAA˙
=
1
2
iF01λ
αAA˙ − 1
2
D2φABλ
αBA˙ +
1
2
iF 2m(γ
m)αβλ
βAA˙
+
1
4
[φAC , φ
C
B ](γ
m)αβλ
βBA˙ +
1
2
Dmφ
A
B(γ
m2)αβλ
βBA˙ .
(2.17)
Here, A and A˙ are indices for SU(2)C and SU(2)H , respectively.
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where we impose the boundary condition on fermions such that the bulk equations of
motion are still satisfied.
Although there are various solutions to the supersymmetric boundary conditions
(2.18), in this paper we will focus on the half-BPS boundary conditions preserving
N = (2, 2) and N = (0, 4) supersymmetry at the boundary, which we call A- and
B-type boundary conditions, respectively [1, 8].
2.1.1 A-type boundary conditions
For the A-type boundary conditions, the supersymmetric parameter ξ satisfies the
projection condition4
γ2ξ = ξ . (2.19)
To find the bosonic boundary conditions from (2.18), we choose the fermionic boundary
conditions
γ2λ = e2iθλ γ2ψφ = e
2iθψφ . (2.20)
where θ ∈ R is a constant parameter. Note that this form of fermionic boundary
conditions is compatible with the bulk equations of motion for fermions λ and ψφ.
From (2.19) and (2.20), we obtain
ξλ = −e2iθξλ , ξσmλ = e2iθξσmλ ,
ξσm2λ = e2iθξσm2λ , ξσ2λ = −e2iθξσ2λ ;
(2.21)
ξψφ = −e−2iθξψφ , ξσmψφ = e−2iθξσmψφ ,
ξσm2ψφ = e
−2iθξσm2ψφ , ξσ2ψφ = −e−2iθξσ2ψφ
(2.22)
With the above fermionic boundary conditions and the above formulae (2.21)-(2.22),
one can rewrite the general supersymmetric boundary conditions (2.18) as
0 =
1
4
iξ2mnFmn(e
2iθ − 1)(ξλ)− 1
2
iF 2m(e2iθ + 1)(ξσmλ)
− 1
2
Dmσ(e
2iθ − 1)(ξσm2λ)− 1
2
D2σ(e2iθ + 1)(ξλ)
− 1√
2
(e−2iθD2φ+D2φ)(ξψφ)− 1√
2
(e−2iθDmφ−Dmφ)(ξσm2ψφ)
− 1
2
[φ, φ](e2iθ + 1)(ξσ2λ) +
1√
2
([σ, φ]e−2iθ − [σ, φ])(ξσ2ψφ) .
(2.23)
4 Since the projection condition (2.19) is written in terms of 3d N = 2 SUSY parameters, it leads
to N = (1, 1) SUSY parameters at the boundary. But with the supersymmetry enhancement to 3d
N = 4 in mind, as far as bosonic boundary BPS equations are concerned, it is okay to work with
(2.19) for convenience.
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Without further projection conditions, we can find supersymmetric bosonic con-
figurations as the non-trivial solutions to (2.23) when θ = 0 and pi
2
.
From now on, we often identify the scalars σ and φ, φ of 3d N = 2 vector and
adjoint chiral multiplet with the scalars φi, i = 3, 4, 5 of the 3d N = 4 vector multiplet
as
σ = φ3 , Re φ = φ4 , Im φ = φ5 . (2.24)
i) γ2λ = λ and γ2ψφ = ψφ (θ = 0)
From (2.23) with θ = 0, we find the boundary conditions
F2m = 0 , (2.25)
D2φ
a = 0 , (2.26)
Dmφ
5 = 0 , (2.27)
[φa, φ5] = 0 , (2.28)
where a = 3, 4. The two-dimensional gauge field Am and the two scalar fields φ
a
satisfy Neumann-like boundary conditions (2.25) and (2.26), so can fluctuate at the
boundary. The condition (2.25) can be thought as the Dirichlet-like condition for
the scalar field A2. The scalar field φ
5 satisfy the Dirichlet-like condition (2.27). In
particular, (2.27) and (2.28) can be solved by setting φ5 = 0. We call the above set
of boundary conditions (2.25)-(2.28) the electric-like A-type boundary conditions
where the electric-like field Em = F2m generated by scalar potential A2 is required
to be constant while the magnetic-like field B = F01 can fluctuate at the boundary.
ii) γ2λ = −λ and γ2ψφ = −ψφ (θ = pi2 )
In this case, the boundary conditions read
F01 = 0 , (2.29)
D2φ
5 = 0 , (2.30)
Dmφ
a = 0 , (2.31)
[φa, φb] = 0 . (2.32)
where a, b, · · · = 3, 4. We obtain the Dirichlet-like boundary condition for the two-
dimensional gauge field Am and the Neumann-like boundary condition for the scalar
field φ5. The third equation (2.31) is the Dirichlet-like condition on two scalar fields
φa. The last constraint (2.32) implies that the two scalar fields satisfying Dirichlet-
like condition commute with each other. So one possible solution is to set them zero
at the boundary. Meanwhile, as there is no constraint on Fm2, the scalar field A2 is
unconstrained so can fluctuate at the boundary. We will call the set of boundary
conditions (2.29) - (2.32) magnetic-like A-type boundary conditions.
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Boundary degree of freedom for the A-type from the bulk vector multiplet
We see that two sets of the A-type boundary conditions, (2.25)-(2.28) and (2.29)-
(2.31), provide decomposition of the 3d N = 4 vector multiplet VN=4 under N = (2, 2)
supersymmetry at the boundary. The two-dimensional gauge field Am and the two real
scalar fields φa, a = 3, 4, which form a complex scalar field, are naturally packaged into
a 2d N = (2, 2) vector multiplet V (2,2) or field strength multiplet Σ(2,2). Meanwhile,
from two real scalar fields A2 and φ
5, one can form a 2d N = (2, 2) twisted chiral
multiplet Σ˜(2,2), which is charged under axial U(1)C R-symmetry group. We let ρ be
the dual photons defined by 1
2
µνρF
νρ = ∂µρ for each of the Abelian factors of gauge
group where A2, which is surviving degree of freedom when considering Dirichlet-like
boundary condition, appears in the LHS. Then ρ˜ = φ5 + iρ is charged under U(1)C
and becomes a scalar component of twisted chiral multiplet. Therefore, 3d N = 4
vector multiplet VN=4 can be decomposed into 2d N = (2, 2) vector multiplet V (2,2),
or field strength multiplet, which is a twisted chiral multiplet Σ(2,2), and 2d N = (2, 2)
twisted chiral multiplet Σ˜(2,2);
VN=4 → (V (2,2), Σ˜(2,2)). (2.33)
The 3d N = 4 supersymmetric parameters consist of two copies of the 3d N =
2 supersymmetric parameters, ξ1 and ξ2. The projection (2.19) admits two right-
moving supersymmetric parameters and two left-moving supersymmetric parameters.5
Denoting the complex supersymmetric parameters of 2d N = (2, 2) supersymmetry as
ξ+ :=
1
2
(ξ+1 + ξ
+
1 ) +
i
2
(ξ+2 + ξ
+
2 ) , ξ
− :=
1
2i
(ξ−1 − ξ
−
1 ) +
1
2
(ξ−2 − ξ
−
2 ) , (2.35)
with ξ
+
= (ξ+)∗ and ξ
−
= (ξ−)∗ at the boundary, the axial U(1)A and the vector
U(1)V of them may take
SO(1, 1) U(1)A U(1)V
ξ+ + − +
ξ− − + +
ξ
+
+ + −
ξ
− − − −
(2.36)
5 We denote the right-moving fermion by Ψ+ and the left-moving fermion by Ψ−,
γ2Ψ+ = Ψ+, γ2Ψ− = −Ψ−. (2.34)
One raises and lowers the spinor indices by the antisymmetric tensor Ψα = αβΨ
β with +− = 1 so
that Ψ− = Ψ+, Ψ+ = −Ψ−.
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For the the electric-like A-type boundary conditions, which allow both left-moving
and right-moving fermions, we similarly denote the two-dimensional fermionic fields
by
λ+ :=
1
2
(
λ+ λ
)
+
i
2
(
ψφ + ψφ
)
, λ− :=
1
2i
(
λ− λ)+ 1
2
(
ψφ − ψφ
)
, (2.37)
with λ
+
= (λ+)† and λ
−
= (λ−)† at the boundary. Their R-charges would be
SO(1, 1) U(1)A U(1)V
λ+ + + +
λ− − − +
λ
+
+ − −
λ
− − + −
(2.38)
We write a complex scalar field as φ := φ1 + iφ2. Given the notation above, super-
symmetric transformation laws of the component fields (Am, φ, λ
+, λ−, λ
+
, λ
−
), which
form an N = (2, 2) vector multiplet, would be [15, 16]
δA± = iξ±λ± + iξ±λ±, (2.39)
δφ = −iξ+λ− − iξ−λ+, (2.40)
δλ+ = 2∂+φξ− + (iD − v01)ξ+, (2.41)
δλ− = 2∂−φξ+ + (iD + v01)ξ−, (2.42)
δD = −ξ+D−λ+ − ξ−D+λ− + ξ+D−λ+ + ξ−D+λ−, (2.43)
where D is an auxiliary field, which is expressed as some function of φ where the detail
form of it can be determined once the detail of coupling to the boundary fields is given.
The magnetic-like A-type boundary conditions γ2λ = −λ, γ2ψφ = −ψφ also yield
both left-moving and right-moving fermions. We similarly denote the two-dimensional
fermions by
χ+ :=
1
2i
(
λ− λ)+ 1
2
(
ψφ − φφ
)
, χ− :=
1
2
(
λ+ λ
)
+
i
2
(
ψφ + φφ
)
, (2.44)
and their complex conjugate, χ+ = (χ+)†, χ− = (χ−)†.
They would carry the R-charges as
SO(1, 1) U(1)A U(1)V
χ+ + + +
χ− − − +
χ+ + − −
χ− − + −
(2.45)
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The twisted chiral multiplet Σ˜(2,2) has the component fields (ρ˜, χ+, χ−, χ+, χ−). The
supersymmetry transformation laws would take the form [15, 16]
δρ˜ = ξ+χ− − ξ−χ+, (2.46)
δχ+ = 2i∂+ρ˜ξ− +Gξ+, (2.47)
δχ− = −2i∂−ρ˜ξ+ +Gξ−, (2.48)
δG = −2iξ+∂−χ+ − 2iξ−∂+χ−, (2.49)
where G is some function of ρ˜.
2.1.2 B-type boundary conditions
Next we consider the B-type conditions where the projection condition on the super-
symmetric parameter ξ is
γ2ξ = −ξ . (2.50)
Here and in the followings, we choose a convention that this gives the right-moving su-
percharges, which leads to the chiralN = (0, 4) supersymmetry at the two-dimensional
boundary.6
Applying the ansatz
γ2λ = e2iθλ , γ2ψφ = e
2iθψφ (2.51)
for the fermionic boundary conditions, which doesn’t change the equations of motion
when θ = 0 or pi
2
, we can find the bosonic boundary conditions. These two boundary
conditions for the fermionic fields determine their chiralities at the boundary. When
θ = 0 (resp. θ = pi
2
), the associated two-dimensional fermions are right-moving (resp.
left-moving).
i) γ2λ = −λ and γ2ψφ = −ψφ (θ = pi2 )
With this choice of the fermionic boundary condition, it follows that
ξλ = 0 , ξσ2λ = 0 , ξψφ = 0 , ξσ
2ψφ = 0 (2.52)
so the general boundary conditions (2.18) turn into
0 =
1
2
(iFm2 −Dmσ)(ξσmλ) + 1
2
(iFm2 +Dmσ)(ξσ
mλ)
− 1√
2
Dmφ(ξσ
m2ψφ) +
1√
2
Dmφ(ξσ
m2ψφ) .
(2.53)
6In this convention, the projection condition for the supersymmetric parameter γ2ξ = ξ preserves
N = (4, 0) supersymmetry at the boundary.
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Therefore, with identification (2.24), we find
F2m = 0 , (2.54)
Dmφ
i = 0 . (2.55)
The first condition (2.54) is the Neumann-like boundary condition for the two-
dimensional gauge field Am, while the second condition (2.55) is the Dirichlet-like
boundary condition for the three scalar fields φi. The condition (2.54) can be
rephrased as the Dirichlet-like boundary conditions for the scalar field A2. We call
this set of boundary conditions (2.54) and (2.55) the electric-like B-type boundary
conditions.
ii) γ2λ = λ and γ2ψφ = ψφ (θ = 0)
Choosing θ = 0 for the fermionic boundary conditions in (2.51), we get
ξσmλ = 0 , ξσ
m2λ = 0 , ξσm2ψφ = 0 . (2.56)
The generic boundary conditions (2.18) then reduce to
0 =
1
2
(−iF01 +D2σ + [φ, φ])(ξλ) + 1
2
(−iF01 −D2σ − [φ, φ])(ξλ)
+
1√
2
(D2φ+ [σ, φ])(ξψφ)−
1√
2
(D2φ− [σ, φ])(ξψφ)
(2.57)
Thus, with identification (2.24), one finds
F01 = 0 , (2.58)
D2φ
i − 1
2
iijk[φj, φk] = 0 (2.59)
where ijk is the Levi-Civita symbol with 345 = 1. The first condition (2.58) is
the Dirichlet-like condition for the two-dimensional gauge field Am. The scalar field
A2 is unconstrained and can fluctuate at the boundary. Note that the boundary
condition for three scalar fields φi is not Neumann-like but rather they satisfy Nahm-
like equations. They originate from the existence of fluctuating A2 at the boundary
[4]. We will call this set of boundary conditions (2.58) and (2.59) the magnetic-like
B-type boundary conditions.
Boundary degree of freedom for the B-type from the bulk vector multiplet
We can also see the two sets of the B-type conditions (2.54)-(2.55) and (2.58)-(2.59)
provide the decomposition of the 3d N = 4 vector multiplet under the preserved
N = (0, 4) supersymmetry at the boundary. We observed that for the electric-like
11
B-type boundary conditions the two-dimensional gauge field Am can fluctuate and a
pair of left-moving fermions transforming as (2,2)− survive at the boundary. They
are part of the 2d N = (0, 4) vector multiplet V (0,4), which also contains an auxiliary
field transforming as (1,3)0 that originate from the auxiliary field F in the 3d N = 4
vector multiplet (see (2.1)). On the other hand, for the magnetic-like B-type boundary
conditions, the scalar fields φi and A2 can fluctuate at the boundary and can be
combined into the two complex scalar fields transforming as (2,1)0. Also a pair of
right-moving fermions (1,2)+ survive at the boundary. Therefore, they form the N =
(0, 4) twisted hypermultiplets H˜(0,4). Hence for the B-type conditions, the 3d N = 4
vector multiplet VN=4 splits into two parts;
VN=4 → (V (0,4), H˜(0,4)). (2.60)
The projection (2.50) reduces two copies ξ1, ξ2 of 3d N = 2 supersymmetric pa-
rameters to four real left-moving supersymmetric parameters. We write them as ξAA˙
where the indices A,B, · · · = 1, 2 transform as a doublet under SU(2)C while the
indices A˙, B˙, · · · = 1˙, 2˙ transform as a doublet under SU(2)H . We denote the four
supersymmetric parameters of 2d N = (0, 4) supersymmetry by
ξ−11˙ := ξ−1 , ξ
−12˙ := −ξ−2 , ξ−21˙ := ξ
−
2 , ξ
−22˙ := ξ1 . (2.61)
The electric-like B-type boundary conditions γ2λ = −λ, γ2ψφ = −ψφ lead to left-
moving fermions. We take them as the doublets under the both SU(2)C and SU(2)H
so that
λ−11˙ := λ− , λ−12˙ := −ψ−φ , λ−21˙ := ψ
−
φ , λ
−22˙ := λ
−
. (2.62)
Denoting the component fields for the vector multiplet V (0,4) by (Am, λ
−AA˙), the su-
persymmetry transformation7 would be
δA− = 2iξ−AA˙λ
−AA˙ , (2.66)
δλ−AB˙ = iDACξ
−CB˙ + F01ξ−AB˙ , (2.67)
7From 3d N = 4 supersymmetry transformation with projection and boundary conditions, we can
see
δ(A0 −A1) = 2iξ−AA˙λ
−AA˙ (2.63)
δ(A0 +A1) = 0 (2.64)
δλ−AB˙ = iDACξ
−CB˙ + F01ξ−AB˙ , (2.65)
at the boundary. Here, DAB =
1
2 [X˜
AY ′ , X˜BY ′ ] with X˜
AY ′ =
(
σ − iA2 −
√
2φ√
2φ σ + iA2
)
, which is a scalar
component of twisted hypermultiplet, where indices Y ′ = 1′, 2′ denote the doublet under SU(2)
′
F
global symmetry.
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where DAB would be some function of scalar field X˜
AY ′ in the twisted hypermultiplet
for generic coupling to boundary fields. We use the antisymmetric tensor AB and A˙B˙
with +− = +˙−˙ = 1 to raise or lower indices A,B, . . . and A˙, B˙, . . ., respectively.
The magnetic-like B-type boundary conditions γ2λ = λ, γ2ψφ = ψφ lead to right-
moving fermions. We can take them as a doublet under the SU(2)H and also a doublet
under the additional global symmetry SU(2)′F . We write them as Ψ˜
+A˙Y ′
Ψ˜+A˙Y
′
=
(
χ+ λ+
λ
+ −χ+
)
(2.68)
where the indices Y ′ = 1′, 2′ represent the doublet under the SU(2)′F . The supersym-
metry transformations of the component fields (X˜AY
′
, Ψ˜+A
′Y ′), which form a twisted
hypermultiplet, can also be obtained from 3d N = 4 supersymmetry transformation
with projection and boundary conditions,
δX˜AY
′
= −2ξ−AB˙B˙C˙Ψ˜+C˙Y
′
, (2.69)
δΨ˜+A˙Y
′
= −iξ−BA˙BC(∂0 + ∂1)X˜CY ′ , (2.70)
which is the supersymmetry transformation of the N = (0, 4) twisted hypermultiplet
where Dirichlet-like condition A0 = A1 = 0 is incorporated. See also [17, 18].
2.1.3 Reduction from the extended Bogomolny equation
The BPS equations of the topologically twisted 4d N = 4 SYM theories on a 4-
manifold M4 have been studied in [19], which read
(F − φ ∧ φ+ tdAφ)+ = 0, (2.71)
(F − φ ∧ φ− t−1dAφ)− = 0, (2.72)
dA ? φ = 0, (2.73)
where A is a four-dimensional anti-hermitian gauge field that is a connection on a
G-bundle E →M4, and φ is a bosonic one-form field valued in anti-hermitian matrix
given the adjoint representation of the Lie algebra of G. dA = d+[A, ·] is the covariant
exterior derivative, F = dA + A ∧ A is the field strength, ? is the Hodge star oper-
ator, and t is a real constant parametrizing a family of topological twisted theories.
Especially when t = 1, the set of equations (2.71)-(2.73) can be written as
F − φ ∧ φ+ ?dAφ = 0, (2.74)
dA ? φ = 0. (2.75)
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Equation (2.74) is called the extended Bogomolny equation in [19]. It has been
argued that the BPS equations (2.74) together with (2.75) provide a various family of
the BPS equations in lower dimensions by performing the reduction on a given M4, e.g.
on M4 = C ×Σ where C and Σ are Riemann surfaces [20, 19], and on M4 = M3×R+
where M3 is a 3-manifold and R+ is a half line [21, 22]. Here, we would like to see our
BPS boundary conditions for the 3d N = 4 vector multiplet in the reduction of the
extended Bogomolny equation.
We consider the equations on a 4-manifold M4 = R+ ×M3. We express the gauge
field as A = A0dx
0 + A˜, and the one-form as φ = φ0dx
0 + φ˜ where x0 is the coordinate
on the half line R+. Taking the x0 independent parts from (2.74)-(2.75), one obtains
the BPS equations on M3
F˜ − φ˜ ∧ φ˜ = ?
(
dA˜φ0 − [A0, φ˜]
)
, (2.76)
dA˜A0 + [φ0, φ˜] = ?dA˜φ˜, (2.77)
d∗
A˜
φ˜+ [A0, φ0] = 0, (2.78)
where the exterior derivative dA˜, the Hodge operator ? and d
∗
A˜
= ?dA˜? are defined on
the 3-manifold M3. We further take M3 = R+×C and write A˜ = A2dx2+Azdz+Azdz,
φ˜ = φ2dx
2 +φzdz+φzdz where R+ is the half line x2 ≥ 0 and z, z are the local complex
coordinates on the Riemann surface C. By squaring (2.76)-(2.78) and integrating by
parts, one finds that A0 = φ2 = 0. Let us denote the metric on 3-manifold M3 by
ds2 = (dx2)2 + 2|dz|2 and choose a gauge in which A2 = 0. Then (2.76)-(2.78) are now
simplified to [19]
Fzz − [φz, φz] = i∂2φ0, (2.79)
∂2Az = −iDzφ0, (2.80)
i[φ0, φz] = ∂2φz, (2.81)
Dzφz = 0. (2.82)
As a 4-manifold is now a product space M4 = R+ × R+ × C, the topological twisting
is not performed on the 4-manifold but on the two-dimensional surface C. When
C = R2, which we will consider, the above configuration on a 3-manifold M3 = R+×C
with a boundary at x2 = 0 may admit maximally four supercharges. Regarding
boundary conditions, given a field, it is reasonable to expect that there is either normal
derivative or tangential derivative of it but not both in the (BPS) boundary conditions
or equations that the boundary fields should satisfy. So by picking sets of equations
among (2.79)-(2.82), more precisely, one in (2.79) or (2.80) and one in (2.81) or (2.82),
and by taking terms in equations to be separately zero, we may be able to find four
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consistent sets of BPS boundary conditions we are interested in. Meanwhile, we note
that (2.79) and (2.80) have terms relevant to the Dirichlet-like and Neumann-like
boundary conditions for the two-dimensional gauge fields Az, Az, respectively, whereas
(2.81) and (2.82) contain the Neumann-like and Dirichlet-like boundary conditions for
the one-form fields φz, φz, respectively.
In order to see our boundary conditions in the reduced extended Bogomolny equa-
tions (2.79)-(2.82), we take C = R2 where the one-form fields φz and φz reduce to the
scalar fields and we set
∂z =
1√
2
(∂0ˆ − i∂1ˆ), ∂z =
1√
2
(∂0ˆ + i∂1ˆ), (2.83)
Az =
1√
2
(A0ˆ − iA1ˆ), Az =
1√
2
(A0ˆ + iA1ˆ), (2.84)
φ0 = φ
5, φz =
1√
2
(φ3 − iφ4), φz = 1√
2
(φ3 + iφ4), (2.85)
where m,n = 0ˆ, 1ˆ are space-time indices on R2 while i, j, · · · = 3, 4, 5 and a, b, · · · = 3, 4
label the scalar fields.
A-i) From (2.80) and (2.81)
By taking both of the LHS and the RHS of all the equations to be separately zero,
we have
F2m = 0 , Dmφ
5 = 0 , D2φ
a = 0 , [φ5, φa] = 0 , (2.86)
and one can identify them with the electric-like A-type conditions (2.25)-(2.28).
A-ii) From (2.79) and (2.82)
We can obtain
F0ˆ1ˆ = 0 , D2φ
5 = 0 , [φa, φb] = 0 , Dmφ
a = 0 (2.87)
by setting every term in (2.79) to be zero. These are the magnetic-like A-type
conditions (2.29)-(2.32).
B-i) From (2.80) and (2.82)
Similarly, by taking both the LHS and the RHS in (2.80) to be separately zero, we
get
F2m = 0 , Dmφ
i = 0 . (2.88)
This set of equations are the electric-like B-type conditions (2.54)-(2.55).
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B-ii) From (2.79) and (2.81)
We can obtain
Fmn = 0 , D2φ
i + ijk[φj, φk] = 0 (2.89)
by taking terms in (2.79) to be zero after arrangement, where we have restored the
gauge fixed value A2 = 0. Taking into account that φ
i’s are anti-hermitian here, we
see that both equations are the magnetic-like B-type conditions (2.58)-(2.59).8
2.2 Hypermultiplets
The 3d N = 4 hypermultiplets contain complex scalar fields q and fermionic fields ψ
transforming as
q : (1,1,2)
ψ : (2,2,1)
(2.90)
under the SO(1, 2)× SU(2)C × SU(2)H .
Also, the 3d N = 4 hypermultiplets in representation R of the gauge group can
be expressed as a combination of the two 3d N = 2 chiral multiplets Q(q, ψ, Fq) and
Q˜(q˜, ψ˜, Fq˜) transforming in conjugate representations, R and R, of the gauge group.
The action of the 3d N = 4 hypermultiplets coupled to 3d N = 4 vector multiplet is
given by
S = SN=2K + S
N=2
W (2.91)
where
SN=2K = −
∫
d3xd4θ
(
Qe−2VQ+ Q˜e−2V Q˜
)
(2.92)
is the kinetic terms and
SN=2W = −
√
2i
∫
d3xd2θ
(
Q˜ΦQ
)
+ c.c . (2.93)
is the superpotential terms and c.c. stands for the complex conjugate.
In terms of the component fields, the action (2.92) can be expressed as
SN=2K =
∫
d3x
[
−DµqDµq − iψσµDµψ + F qFq − iψσψ −
√
2iψλq −
√
2iqλψ − qDq − qσ2q
−Dµq˜Dµq˜ − iψ˜σµDµψ˜ + Fq˜F q˜ + iψ˜σψ˜ +
√
2iq˜λψ˜ +
√
2iψ˜λq˜ + q˜Dq˜ − q˜σ2q˜
]
(2.94)
8(2.59) can be recovered from (2.89) via A2 → −iA2 and φj → − 12 iφj .
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where σ = σaT aR, D = D
aT aR, λ = λ
aT aR, λ = λ
a
T aR and the action (2.93) as
SN=2W =
∫
d3x
[
−
√
2i (Fq˜φq + q˜Fφq + q˜φFq) + i
√
2
(
ψ˜ψφq + q˜ψφψ + ψ˜φψ
)]
+ c.c.
(2.95)
where the covariant derivatives are defined by
Dµq = ∂µq − iAµq, Dµq = ∂µq + iqAµ,
Dµq˜ = ∂µq˜ + iq˜Aµ, Dµq˜ = ∂µq˜ − iAµq˜ .
(2.96)
The actions (2.91) is invariant under the supersymmetry transformations
δq =
√
2ξψ , (2.97)
δq˜ =
√
2ξψ˜ , (2.98)
δψ =
√
2iγµξDµq +
√
2ξFq −
√
2iξσq , (2.99)
δψ˜ =
√
2iγµξDµq˜ +
√
2ξFq˜ +
√
2iξσq˜ , (2.100)
δFq =
√
2iξσµDµψ + 2i(ξλ)q +
√
2i(ξψ)σ , (2.101)
δFq˜ =
√
2iξσµDµψ˜ − 2i(ξλ)q˜ −
√
2i(ξψ˜)σ (2.102)
for the 3d N = 2 chiral multiplets Q and Q˜ as well as the supersymmetry transfor-
mations (2.7)-(2.11) and (2.12)-(2.14), respectively, for the vector multiplet V and the
adjoint chiral multiplet Φ. From the action (2.92) and the supersymmetric transfor-
mation laws, we obtain a supercurrent of the 3d N = 4 hypermultiplets
Jµ =−
√
2Dµqψ − qγµλq +
√
2Dνqγ
µνψ −
√
2qσγµψ
−
√
2ψ˜Dµq˜ + q˜γµλq˜ +
√
2γµνψ˜Dν q˜ +
√
2γµψ˜σq˜
− 2γµ(qφψ˜ + qψφq˜ + ψφq˜) .
(2.103)
Using the 3d N = 2 notation, we get the supersymmetric boundary conditions for the
3d N = 4 hypermultiplets
0 =−
√
2D2q(ξψ)−
√
2(ξψ˜)D2q˜ − q(ξγ2λ)q + q˜(ξγ2λ)q˜
+
√
2Dνq(ξγ
2νψ) +
√
2(ξγ2νψ˜)Dν q˜ −
√
2qσ(ξγ2ψ) +
√
2(ξγ2ψ˜)σq˜
+ 2qφ(ξγ2ψ˜) + 2q(ξγ2ψφ)q˜ + 2(ξγ
2ψ)φq˜
+
√
2(ξψ)D2q +
√
2D2q˜(ξψ˜) + q(ξγ
2λ)q − q˜(ξγ2λ)q˜
−
√
2(ξγ2νψ)Dνq −
√
2Dν q˜(ξγ
2νψ˜) +
√
2(ξγ2ψ)σq −
√
2q˜σ(ξγ2ψ˜)
− 2(ξγ2ψ˜)φq − 2q˜(ξγ2ψφ)q − 2q˜φ(ξγ2ψ) .
(2.104)
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One can generalize the boundary conditions and their solutions by introducing ad-
ditional boundary degrees of freedom. Also, it would be intriguing to explore space
of the solutions for given information. We defer these to later work. In this paper,
we focus on the investigation of basic half-BPS boundary conditions for the hyper-
multiplets. As in the previous discussion on the vector multiplet, we examine the
half-BPS boundary conditions of the A- and B-types for the pure hypermultiplets in
this subsection, and discuss the coupled hypermultiplets in next subsection.
2.2.1 A-type boundary condition
We are interested in A-type boundary conditions for bosonic fields given by γ2ξ = ξ
and fermionic boundary conditions,
γ2ψ = e2iϕψ, γ2λ = e2iθλ, γ2ψφ = e
2iθψφ (2.105)
where ϕ, θ ∈ R are constant phase parameters. Here and in the following, we consider
the case e2iϕ = −e2iθ, i.e.
θ − ϕ = pi
2
+ piZ , (2.106)
but for the A-type condition the case e2iϕ = e2iθ provides equivalent results to the ones
obtained from (2.106).
From (2.21)-(2.22) the generic boundary conditions (2.104) for the hypermultiplets
become9
0 = e−iϕ
[
−
√
2(eiϕD2 · q + e−iϕD2 · q)(ξψ)−
√
2(eiϕD2 · q˜ + e−iϕD2 · q˜)(ξψ˜)
+
√
2(eiϕDm · q − e−iϕDm · q)(ξγ2mψ) +
√
2(eiϕDm · q˜ − e−iϕDm · q˜)(ξγ2mψ˜)
−
√
2(eiϕσ · q + e−iϕσ · q)(ξγ2ψ) +
√
2(eiϕσ · q˜ + e−iϕσ · q˜)(ξγ2ψ˜)
+ 2(e−iϕφ · q + e−iϕφ · q)(ξψ˜) + 2(eiϕφ · q˜ + e−iϕφ · q˜)(ξψ)
]
+e−iθ
[
− (qqe−iθ + qqeiθ)(ξλ) + (q˜q˜e−iθ + q˜q˜eiθ)(ξλ) + 2(qq˜eiθ + qq˜e−iθ)(ξψφ)
]
(2.107)
where the dot · indicates the gauge and global symmetry action on the hypermultiplets.
Also, the generators for gauge group are implicit between the products of two scalars,
e.g. qT aRq.
9 To see the general form of the supersymmetric boundary conditions of the coupled hypermul-
tiplets, we obtained the condition (2.107) by using the component-wise projection condition (2.105)
given fixed all the gauge and global symmetry indices. Given the data of preserved gauge and global
symmetries at the boundary, a large family of the boundary conditions can be constructed from the
results below by restoring the form of representation.
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We would like to find the solutions to the half-BPS boundary conditions of pure
hypermultiplet for ϕ = 0 and ϕ = pi
2
.10
i) γ2ψ = ψ (when ϕ = 0)
In the case with ϕ = 0, we find from (2.107) the following bosonic boundary condi-
tions for the hypermultiplets
∂2(Re q) = 0, ∂2(Re q˜) = 0, (2.108)
∂m(Im q) = 0, ∂m(Im q˜) = 0. (2.109)
ii) γ2ψ = −ψ (when ϕ = pi
2
)
For the other A-type boundary conditions with the fermionic boundary conditions
ϕ = pi
2
, the bosonic boundary conditions for the hypermultiplets read
∂m(Re q) = 0, ∂m(Re q˜) = 0, (2.110)
∂2(Im q) = 0, ∂2(Im q˜) = 0. (2.111)
Boundary degree of freedom for the A-type from the pure bulk hypermul-
tiplet
The A-type conditions provide decomposition of the 3d N = 4 hypermultiplets into
the boundary supermultiplets in such a way that (Req, Req˜) fluctuate at the boundary
and (Imq, Imq˜) satisfy Dirichlet boundary conditions, or the other way around. Each
of them forms the 2d N = (2, 2) chiral multiplets Φ(2,2)I and Φ(2,2)II whose lowest com-
ponents are the complex scalar fields, which consists of (Req,Re(q˜)) and (Imq, Im(q˜)),
respectively;
HN=4 → (Φ(2,2)I ,Φ(2,2)II ). (2.112)
The A-type boundary conditions γ2ψ = ψ give both left-moving and right-moving
fermions. We may denote the two-dimensional fermions by
ψ+ :=
1
2
(
ψ + ψ
)
+
i
2
(
ψ˜ + ψ˜
)
, ψ− :=
1
2i
(
ψ − ψ)+ 1
2
(
ψ˜ − ψ˜φ
)
, (2.113)
10The half-BPS boundary conditions preserving N = (2, 2) for hypermultiplet were also obtained
in [23].
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and their complex conjugate; ψ
+
= (ψ+)†, ψ
−
= (ψ−)†. They would carry the R-
charges as
SO(1, 1) U(1)A U(1)V
ψ+ + + −
ψ− − − −
ψ
+
+ − +
ψ
− − + +
(2.114)
We also denote a two-dimensional complex scalar fields by ϕ := Re q + iRe q˜. The
supersymmetry transformations of component fields (ϕ, ψ+, ψ−, ψ
+
, ψ
−
), which form
the chiral multiplet Φ
(2,2)
I , would be given by
δϕ = ξ+ψ− − ξ−ψ+ (2.115)
δψ+ = 2i∂+ϕξ− + Fξ+, (2.116)
δψ− = −2i∂−ϕξ+ + Fξ−, (2.117)
δF = −2iξ+∂−ψ+ − 2iξ−∂+ψ−. (2.118)
where F is an auxiliary field and (2.35) is used. One can similarly realize the super-
symmetric transformation laws of the other chiral superfield Φ
(2,2)
II .
2.2.2 B-type boundary conditions
The B-type conditions are characterized by the chiral projection (2.50) on supersym-
metric parameter. We can find the bosonic boundary conditions by considering the
fermionic boundary conditions
γ2ψ = e2iϕψ, γ2λ = e2iθλ, γ2ψφ = e
2iθψφ (2.119)
with (ϕ, θ) = (0, pi
2
) and (pi
2
, 0). When (ϕ, θ) = (0, pi
2
), i.e. γ2ψ = ψ, γ2λ = −λ, and
γ2ψφ = −ψφ by using the formulae (2.52) for λ, ψφ and (2.56) for ψ, ψ˜, we obtain
0 =−
√
2(D2 · q + σ · q)(ξψ)−
√
2(D2 · q˜ − σ · q˜)(ξψ˜)
+ 2φ · q(ξψ˜) + 2q˜ · φ(ξψ) .
(2.120)
Similarly, when (ϕ, θ) = (pi
2
, 0), i.e. γ2ψ = −ψ, γ2λ = λ, and γ2ψφ = ψφ, the boundary
condition becomes
0 =
√
2Dm · q(ξγmψ) +
√
2Dm · q˜(ξγmψ˜)
− (|q|2 − |q˜|2) (ξλ) + 2qq˜(ξψφ) . (2.121)
The chiralities of the fermionic fields at the boundary from the bulk 3d N = 4 hyper-
multiplet are determined by the phase factor ϕ ∈ R. For ϕ = 0 (resp. ϕ = pi
2
), the
right-moving (resp. left-moving) fermions survive at the two-dimensional boundary.
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i) γ2ψ = ψ (when ϕ = 0)
This boundary conditions admit the right-moving fermions with ϕ = 0 in the hy-
permultiplets. For pure hypermultiplet, we turn off fields from the vector multiplet,
so the condition (2.120) leads to the Neumann boundary conditions for the hyper-
multiplet scalars q and q˜
∂2q = 0 , ∂2q˜ = 0 . (2.122)
ii) γ2ψ = −ψ (when ϕ = pi
2
)
In this case, the fermions in hypermultiplet at the boundary are the left-moving.
For the hypermultiplets without gauge coupling, (2.121) can be solved by requiring
the Dirichlet boundary conditions for the hypermultiplet scalars q and q˜
∂mq = 0 , ∂mq˜ = 0 . (2.123)
Therefore the bosonic degrees of freedom in the 3d N = 4 hypermultiplets cannot
survive at the boundary while the left-moving fermions are free to fluctuate at the
boundary.
Boundary degree of freedom for the B-type from the pure bulk hypermul-
tiplet
We saw that there are two types of the B-type conditions for the 3d N = 4 hypermul-
tiplets. For the boundary condition i) with ϕ = 0, the full set of four bosonic fields
as well as the right-moving fermions (2,1)+ can fluctuate at the boundary. They are
packaged into the 2d N = (0, 4) hypermultiplets H(0,4). On the other hand, for the
second conditions ii) with ϕ = pi
2
, the left-moving fermions (1,1)− can fluctuate but
all the bosonic degrees of freedom satisfy Dirichlet condition at the boundary. The
fluctuating degrees of freedom can be packaged into the N = (0, 4) Fermi multiplets
Λ(0,4). Therefore, we have the decomposition
HN=4 → (H(0,4),Λ(0,4)). (2.124)
The B-type boundary conditions γ2ψ = ψ lead to the right-moving fermions. We
write them as Ψ+AY where the indices Y = 1, 2 represent the doublet under the
additional SU(2)F global symmetry,
Ψ+11 := ψ˜ , Ψ+12 := ψ , Ψ+21 := ψ , Ψ+22 := −ψ˜ . (2.125)
Also, we denote the scalar component by
X 1˙1 := q , X 1˙2 := −q˜ , X 2˙1 := q˜ , X 2˙2 := q , (2.126)
21
which transform as a doublet under the SU(2)H and a doublet under the SU(2)F .
The supersymmetry transformation of component fields (XA˙Y ,Ψ+AY ), which forms a
hypermultiplet H(0,4), can be obtained from 3d N = 4 supersymmetry transformation
with projection and boundary conditions,
δXA˙Y = −
√
2ξ−BA˙BCΨ+CY , (2.127)
δΨ+AY = ξ+AB˙B˙C˙(∂0 + ∂1)X
C˙Y , (2.128)
which is a supersymmetry transformation of the N = (0, 4) hypermultiplet.
Another B-type boundary condition γ2ψ = −ψ leads to four real left-moving
fermions, which are singlet under the R-symmetry. These fermionic fields form a
Fermi multiplet Λ(0,4). We can take them as two complex fermions, which we denote
as
ζ−1 = ψ , ζ
−
2 = ψ˜ (2.129)
where hermitian conjugates are ζ
−
1 = ψ and ζ
−
2 = ψ˜, respectively. Then, the super-
symmetry transformation of these fields can be obtained and they are
δζ−1 = −
√
2iξ−AA˙ABA˙B˙X˜
B1′XB˙ (2.130)
δζ−2 = −
√
2iξ−AA˙ABA˙B˙X˜
B2′XB˙ . (2.131)
These can be organized into
δΘ−Y
′Y = −
√
2iξ−AA˙ABA˙B˙X˜
BY ′XB˙Y (2.132)
where ΘY
′Y =
(
ζ−1 ζ
−
2
ζ−2 −ζ
−
1
)
, which is a supersymmetry transformation of the Fermi
multiplet. When considering generic interaction with boundary fields, the supersym-
metry transformation would take a form
δζ−a = −
√
2iξ−
AA˙
CAA˙a (2.133)
where ζ−a , a = 1, 2, 3, 4 denotes ζ
−
1 , ζ
−
2 , ζ
−
1 , and ζ
−
1 and C
AA˙
a are some function of X
A˙Y
and X˜AY
′
. See also [17, 18].
2.3 Gauge coupling and SUSY deformations
We now discuss the half-BPS boundary conditions for the vector multiplets and the
hypermultiplets in the 3d N = 4 supersymmetric gauge theories with the supersym-
metric deformation by FI parameters and mass parameters.
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2.3.1 FI and mass deformations
The 3dN = 4 gauge theories can be deformed by Fayet-Iliopoulos (FI) terms and mass
terms while keeping supersymmetry. We consider the effects of the supersymmetric
deformations on the half-BPS boundary conditions.
If the 3d N = 4 supersymmetric gauge theories involve the U(1) factors of the
gauge group, they can be deformed in a supersymmetric way by introducing the BF
coupling of the topological currents for the U(1) factors to a background Abelian
N = 4 twisted vector multiplet (Vr,Φr) [24, 25]
SFI =
∫
d3xd4θ Tr′ (ΣVr)
+
i
2
∫
d3xd2θ Tr′ (ΦΦr) + c.c.
(2.134)
where Vr = irθ¯θ and Φr = φr with r ∈ R, φr ∈ C. The trace Tr′ only takes the U(1)
factors of the gauge group. Here riˆ = (r,Re(φr), Im(φr)), iˆ = 7, 8, 9, forms a triplet
under the SU(2)H . In terms of the component fields, we can express the action (2.134)
as
SFI =
∫
d3x
[
−1
2
rD +
i
2
φrFφ − i
2
φrF φ
]
(2.135)
where r is a real FI parameter and φr a complex FI parameter. The conserved super-
current is
Jµr =
1
2
r(γµλ) +
√
2
2
φr(γ
µψφ). (2.136)
One can also deform the 3d N = 4 supersymmetric gauge theories in a supersym-
metric way by introducing mass terms for the hypermultiplets. It can be achieved by
coupling Q and Q˜ to a background Abelian N = 4 vector multiplet (VM ,ΦM)
SM =−
∫
d3xd4θ
(
Qe−2VMQ+ Q˜e2VM Q˜
)
+
√
2i
∫
d3xd2θ
(
Q˜ΦMQ
)
+ c.c.
(2.137)
where VM = iMθ¯θ and ΦM = φM and M ∈ R is real mass and φM ∈ C is complex
mass parameters. Here (M,Re(φM), Im(φM)) forms a triplet under the SU(2)C . In
the component fields, the action (2.137) can be expressed as
SM =
∫
d3x
[
−M2 (|q|2 + |q˜|2)− iM (ψψ − ψ˜ψ˜)− (2FqF q − 2Fq˜F q˜)
+
√
2iφM (Fq˜q + Fq q˜)− iφM ψ˜ψ +
√
2iφM
(
F q˜q + F q q˜
)
+ iφM ψ˜ψ
]
.
(2.138)
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The conserved supercurrent is
JµM =−
√
2Mqγµψ +
√
2Mq˜γµψ˜
+ 2φMqγ
µψ˜ + 2φM q˜γ
µψ.
(2.139)
The supercurrents (2.136) and (2.139) provide additional contributions to the su-
percurrents we obtained in previous sections and modify the supersymmetric boundary
conditions.
2.3.2 Coupled Hypermultiplets
We consider the half-BPS boundary conditions for the coupled hypermultiplet with
FI and mass parameters turned on. Due to the coupling, the half-BPS boundary
conditions for the hypermultiplets depends on the choice of the half-BPS boundary
conditions for the vector multiplet discussed in subsection 2.1 with condition (2.106).
This provides a large class of the half-BPS boundary conditions specified by the pre-
served gauge and flavor symmetries at the boundary. Here we want to find general
structure of deformed boundary conditions for the hypermultiplets due to gauge cou-
pling, FI parameters, and mass parameters.
• A-type boundary conditions
i) γ2ψ = ψ, γ2λ = −λ, and γ2ψφ = −ψφ (when ϕ = 0, θ = pi2 )
For the A-type conditions with (ϕ, θ) = (0, pi
2
), we find from (2.107) the generic half
of supersymmetric boundary conditions for the hypermultiplets
D2 · (Re q) =
√
2 Re [(φ+ φM) · q˜] , D2 · (Re q˜) =
√
2 Re [(φ+ φM) · q] , (2.140)
Dm · (Im q) = 0, Dm · (Im q˜) = 0, (2.141)
(σ +M) · (Re q) = 0, (σ +M) · (Re q˜) = 0, (2.142)
Im(q˜q) = Im(φr). (2.143)
The conditions (2.140) say that the real parts of the complex scalar fields q and q˜
can fluctuate while satisfying the Robin-type boundary conditions, which specify a
linear combination of the fields and the normal components of their derivatives at
the boundary. The conditions (2.141) imply that the imaginary parts of q and q˜
are subject to the Dirichlet-like boundary conditions.
The other set (2.142) and (2.143) are algebraic constraints which are responsible
for the gauge coupling. The precise forms of the boundary conditions and the
possible solutions depend on the detail of the 3d N = 4 vector multiplet and
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hypermultiplets but these equations can be regarded as the basic building blocks of
boundary conditions.
The real parts of q and q˜, which are fluctuating degrees of freedom at the boundary,
satisfy conditions (2.142). As a coupled vector multiplet satisfies the magnetic-like
A-type boundary conditions when θ = pi/2, the two vector multiplet scalars Reφ
and σ obey the Dirichlet boundary conditions (2.31). Thus the constraints (2.142)
can be solved by setting σ to specific fixed values at the boundary.
The last condition (2.143) doesn’t involve any bosonic fields in the vector multiplet,
but it appears due to the gauge coupling and FI deformations as it is induced from
the fermionic bilinear form involving ψφ. It is an imaginary part of the complex
moment map µC with fields restricted at the boundary.
ii) γ2ψ = −ψ, γ2λ = λ, and γ2ψφ = ψφ (when ϕ = pi2 , θ = 0)
The A-type conditions with (ϕ, θ) = (pi
2
, 0) are
D2 · (Im q) =
√
2 Im
[
(φ+ φM) · q˜
]
, D2 · (Im q˜) =
√
2 Im
[
(φ+ φM) · q
]
, (2.144)
Dm · (Re q) = 0, Dm · (Re q˜) = 0, (2.145)
(σ +M) · (Im q) = 0, (σ +M) · (Im q˜) = 0, (2.146)
Re(q˜q) = Re(φr), |q|2 − |q˜|2 = r. (2.147)
In this case, the real parts of q and q˜ satisfy Dirchlet-like boundary conditions
(2.145) and the imaginary parts of q and q˜ can fluctuate while satisfying the Robin-
type boundary conditions (2.144). Again the remaining algebraic constraints (2.146)
and (2.147) arise from the coupling of the 3d N = 4 hypermultiplets to the vector
multiplet.
For θ = 0, the vector multiplet is subject to the electric A-type boundary conditions,
where only the vector multiplet scalar Imφ satisfies the Dirichlet-like boundary
condition (2.27) and other scalars satisfy the Neumann-like boundary condition
(2.26). As σ can flucuate at the boundary, the constraint (2.146) are the conditions
for the coupling of the hypermultiplet scalar fields q, q˜ and the vector multiplet
scalar σ in a supersymmetric way when considering a boundary superpotential.
Two conditions in (2.147) are the constraints on the bulk hypermultiplets due to the
gauge coupling and FI deformations, which are a real part of the complex moment
map µC and the real moment map µR, respectively, with fields restricted at the
boundary.
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• B-type boundary conditions
i) γ2ψ = ψ, γ2λ = −λ, and γ2ψφ = −ψφ (when ϕ = 0 and θ = pi2 )
As the full R-symmetry SU(2)C ×SU(2)H is maintained for the B-type conditions,
a pair of fermionic fields ψ and ψ˜ may form the supermultiplet. For (ϕ, θ) = (0, pi
2
),
we obtain, from (2.120), (2.136) and (2.139),
D2 · q + (φi +M i) · q = 0, D2 · q˜ − (φi +M i) · q˜ = 0 (2.148)
where we have defined the triplet φi = (σ,Reφ, Imφ) and M i = (M,ReφM , ImφM)
of the SU(2)C . The bosonic degrees of freedom q and q˜ can fluctuate at the bound-
ary while satisfying Robin-type boundary conditions (2.148). In this case, the vector
multiplet obeys the electric B-type conditions that admit the Dirichlet-like bound-
ary condition (2.54) for all the vector multiplet scalars. Also, the detail forms of
boundary conditions depend on the specific data of the theories, however, (2.148)
can be viewed as the basic building blocks for the boundary conditions.
ii) γ2ψ = −ψ, γ2λ = λ, and γ2ψφ = ψφ (when ϕ = pi2 and θ = 0)
From (2.121), (2.136) and (2.139), the general B-type conditions with (ϕ, θ) = (pi
2
, 0)
read
Dm · q = 0, Dm · q˜ = 0, (2.149)
|q|2 − |q˜|2 = r, qq˜ = φr. (2.150)
Similarly as before, the algebraic conditions (2.150) come from the gauge coupling
and FI deformation.
2.3.3 BPS boundary conditions and 3d N = 4 vacua
The classical moduli space of the 3d N = 4 supersymmetric gauge theory on R1,2 is
determined by the set of equations
[φi, φj] = 0, (2.151)
(φi +M i) · (q, q˜) = 0, (2.152)
µiˆ + riˆ = 0 (2.153)
where the dot · implies the action of the gauge and flavor symmetry group on the
hypermultiplet scalars (q, q˜). Here µiˆ are the three hyperka¨hler moment maps for the
action of the gauge symmetry group on the hypermultiplets. They split into the real
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and complex moment maps µR and µC [10]. They are respectively associated to the
Ka¨hler form
ω =
∑
I
(
dqI ∧ dqI + dq˜I ∧ dq˜I
)
(2.154)
and the holomorphic symplectic form
Ω =
∑
I
(
dqI ∧ dq˜I) (2.155)
and given by
µR = |q|2 − |q˜|2, (2.156)
µC = qq˜. (2.157)
We remark that the half-BPS boundary conditions detect the set of the defining
equations (2.151)-(2.153) of the vacua. We have encountered the equation (2.151) in
the vector multiplet boundary conditions (2.32) and (2.59) where fields are restricted at
the boundary, which can be expected as it characterizes the Coulomb branch. The sec-
ond set of equations (2.152) specify the coupling between the vector multiplet scalars
and the hypermultiplet scalars. We have met these equations with fields restricted
on the boundary in the boundary conditions constraining the fluctuation of hyper-
multiplet scalars. As (2.152) suggests, these conditions can be shifted by turning on
the mass parameters σ → σ + M,φ → φ + φM . We also saw that the moment maps
(2.153) with FI parameters appear as algebraic constraints for the scalar component
of hypermultiplets at the boundary.
3 Brane construction
In this section, we propose the brane configurations in Type IIB string theory cor-
responding to the half-BPS boundary conditions of the 3d N = 4 supersymmetric
theories discussed in section 2. We also study map between boundary supermultiplets
arising from 3d bulk supermultiplets for simplest examples by considering S-duality
of Type IIB theory.
3.1 Type IIB configuration
We consider the brane realization of 3d N = 4 theories in Type IIB string theory on
R1,9 [14]. Let QL (resp. QR) be the supercharge generated by the left- (resp. right-)
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moving world-sheet degrees of freedom which satisfies the chirality condition of Type
IIB string theory
Γ0123456789QL = QL , Γ0123456789QR = QR . (3.1)
We consider D3-branes supported on (x0, x1, x2, x6) and bounded along x6 direction
by two NS5-branes supported on (x0, x1, x2, x3, x4, x5) or by two D5-branes supported
on (x0, x1, x2, x7, x8, x9)
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
(3.2)
where ◦ denotes the directions in which branes are supported whereas − stands for
the directions at which branes are located. The brane configuration (3.2) preserves
linear combination of supercharges LQL + RQR with
Γ012345L = L , Γ012345R = −R (3.3)
and
Γ012789R = L , (3.4)
Γ0126R = L . (3.5)
Here, the first condition (3.3) is the projection condition on spinors L and R imposed
by the NS5-branes while (3.4) and (3.5) are the conditions by the the D5-branes and
the D3-branes, respectively. From (3.3)-(3.5), we can find two non-trivial conditions
on the spinors. So there remain 8 supercharges.
As D3-branes are bounded in x6-direction, the low-energy effective theory of world-
volume of D3 branes are described by 3d N = 4 supersymmetric theories after decou-
pling the gravity. The above brane configuration breaks the Lorentz symmetry group
SO(1, 9) into SO(1, 2)012 × SO(3)345 × SO(3)789 where SO(1, 2) is Lorentz symme-
try and the double covers of SO(3)345 × SO(3)789 give SU(2)C × SU(2)H ∼= SO(4)R
R-symmetry of 3d N = 4 theories.
3.2 D3-NS5 branes
Let us first consider the case where the N coincident D3-branes are stretched between
the two parallel NS5-branes. The low-energy effective theory is the 3d N = 4 U(N)
pure SYM theory [14]. The three-dimensional coupling constant g23d is classically given
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by 1
g23d
= ∆x
6(NS5)
g24d
where ∆x6(NS5) is the interval of the stretched D3-branes along
x6 and g24d is the gauge coupling of 4d N = 4 SYM theory. The bosonic massless
modes of the worldvolume theory of D3-branes are the fluctuations of the D3-branes
in transverse directions x3, x4, x5 and three-dimensional gauge fields. The U(N) gauge
symmetry has a non-trivial center U(1), which parametrizes the motion of the center
of mass of the N D3-branes. The FI parameters {r,Re(φr), Im(φr)} are described by
the relative positions of two NS5-branes along x7, x8, and x9.
3.2.1 A-type boundary conditions
The half-BPS boundary conditions for the pure 3d N = 4 vector multiplet discussed
in subsection 2.1 can be realized in D3-NS5 brane system by introducing additional
branes. We call such additional branes NS5′-brane and D5′-brane where they are
supported on (x0, x1, x3, x4, x6, x9) and (x0, x1, x5, x6, x7, x8), respectively. They are
located at x2 = 0 and D3-branes are extended in the half space x2 ≥ 0.
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
NS5′ ◦ ◦ − ◦ ◦ − ◦ − − ◦
D5′ ◦ ◦ − − − ◦ ◦ ◦ ◦ −
(3.6)
Therefore the additional 5-branes provide the two-dimensional boundary at x2 = 0 in
the effective 3d N = 4 SYM theories (see Figure 1). Also, the original SO(1, 2) ×
SO(3)345 × SO(3)789 symmetry is broken to SO(1, 1)× SO(2)34 × SO(2)78.
NS5 NS5
NS5′
D3
x6
x2
NS5 NS5
D5′
D3
x6
x2
(a)NS5′-brane (b)D5′-brane
Figure 1: D3-NS5 system with NS5′-brane or D5′-brane. NS5′-(D5′-)brane provides
the electric-(magnetic-)like A-type boundary conditions for the vector multiplet where
2dN = (2, 2) vector multiplet (twisted chiral multiplet) can fluctuate at the boundary.
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The NS5′-brane and D5′-brane provide additional projection conditions, respec-
tively,
Γ013469L = L, Γ013469R = −R , (3.7)
Γ015678R = L . (3.8)
From the conditions (3.3), (3.5), (3.8) and (3.7), there are three non-trivial projection
conditions, so 4 supercharges are preserved in the brane configuration (3.6). In order
to see the chirality of the two-dimensional supersymmetry, we note the conditions
Γ26L = −Γ59L , Γ26R = −Γ59R (3.9)
from above brane configurations. Since the four-dimensional world-volume of the D3-
branes is finite along x6 and the effective field theory is three-dimensional, we may
treat Γ6 essentially proportional to the identity matrix. Here Γ2 plays the role of
the two-dimensional chirality matrix for the two-dimensional boundary of the three-
dimensional field theory while Γ5 (resp. Γ9) is chirality matrix for the SO(2)34 (resp.
SO(2)78). Let (±,±,±) be the representation under the SO(1, 1)×SO(2)34×SO(2)78
where ± denote the two-dimensional chiralities. Suppose that chiral supersymmetry
is preserved at the two-dimensional boundary, say the right-moving (+, ·, ·) supersym-
metry. As the SO(2)34 charge and the SO(2)78 charge are constrained via (3.9), we
would only have 2 supercharges with (+,+,−) and (+,−,+) if we choose positive mul-
tiplicative constant for Γ6, which we treated as the identity matrix. However, since we
have 4 supercharges in the brane setup (3.6), this implies that there should also be left-
moving supersymmetry. Therefore the additional NS5′- and D5′-branes preserve the
non-chiral N = (2, 2) supersymmetry where SO(2)34×SO(2)78 ∼= U(1)axial×U(1)vector
are axial and vector R-symmetry of the 2d N = (2, 2) supersymmetry.
i) NS5′-brane
The D3-branes ending on the NS5′-brane can fluctuate along x3, x4 and the two-
dimensional gauge field Am can fluctuate at the boundary. On the other hand, the
NS5′-brane gives Dirichlet boundary condition for A2 also for φ5 as it is localized at
x5. These boundary conditions are consistent with the electric-like A-type boundary
conditions (2.25)-(2.28)
F2m = 0 (Neumann-like)
D2φ
a = 0 (Neumann-like)
Dmφ
5 = 0 (Dirichlet-like) .
(3.10)
ii) D5′-brane
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As x3 and x4 position of the D3-branes are fixed by the D5′-brane but the motion
of the D3-brane along x5 is unconstrained, φ3 and φ4 satisfy Dirichlet-like condition
but φ5 would satisfy Neumann-like condition. The boundary condition for the two-
dimensional gauge field Am imposed by the D5
′-brane is the Dirichlet-like boundary
condition. Therefore inserting D5′-brane would give
F01 = 0 (Dirichlet-like)
D2φ
5 = 0 (Neumann-like)
Dmφ
a = 0 (Dirichlet-like) .
(3.11)
In addition, the attached D5′-brane can leave A2 unconstrained. This is consistent
with field theoretic analysis in section 2.1.
3.2.2 B-type boundary conditions
There are other additional 5-branes which can preserve N = (0, 4) supersymmetry
at the two-dimensional boundary of the 3d effective theories. We consider the NS5′′-
brane with world-volume (x0, x1, x6, x7, x8, x9) or the D5′′-brane with world-volume
(x0, x1, x3, x4, x5, x6) located at x2 = 0 where D3-branes are extended on the half-
space x2 ≥ 0 (see Figure 2);
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
NS5′′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(3.12)
NS5 NS5
NS5″
D3
x6
x2
NS5 NS5
D5″
D3
x6
x2
(a)NS5′′-brane (b)D5′′-brane
Figure 2: D3-NS5 system with NS5′′-brane or D5′′-brane. NS5′′-(D5′′-)brane provides
the electric-(magnetic-)like B-type boundary conditions for the vector multiplet where
2d N = (0, 4) vector multiplet (twisted hypermultiplet) can fluctuate at the boundary.
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These additional NS5′′ and D5′′ give constraints, respectively,
Γ016789L = L, Γ016789R = −R (3.13)
Γ013456R = L. (3.14)
From the conditions (3.13), (3.14), (3.3), and (3.5), we have three non-trivial projection
conditions, so there are 4 supercharges in the brane system (3.12). Also, the set of
conditions lead to
Γ01L = L , Γ01R = R , (3.15)
which implies that we have chiral N = (0, 4) supersymmetry at the two-dimensional
boundary.
The inclusion of these additional 5-branes doesn’t break the symmetry SO(3)345×
SO(3)789 ∼= SU(2)C × SU(2)H ∼= SO(4)R, which is the R-symmetry of 2d N = (0, 4)
supersymmetry. Under the SO(1, 1)× SU(2)C × SU(2)H , the preserved right-moving
supercharges transform as (2,2)+.
i) NS5′′-brane
The NS5′′-brane fixes the motion of the D3-branes in x3, x4, x5, so three scalar
fields φi obey the Dirichlet-like boundary conditions. On the other hand, the two-
dimensional gauge field Am can fluctuate at the boundary, and A2 satisfy Dirichlet-
like condition. Therefore the NS5′′-brane imposes the boundary conditions
F2m = 0 (Neumann-like)
Dmφ
i = 0 (Dirichlet-like) ,
(3.16)
which are consistent with NS5′′-like B-type boundary conditions (2.54) and (2.55).
ii) D5′′-brane
Since D5′′-brane is extended along x3, x4, x5, the three scalar fields φi can free
to move at the boundary. They transform as (3,1) under SO(3)345 × SO(3)789.
Meanwhile, the two-dimensional gauge field Am satisfies Dirichlet condition because
it is tangent to the D5′′-brane, but the scalar field A2 can fluctuate at the boundary.
Thus, for a single D3-brane, the D5′′-brane would give the boundary conditions
F01 = 0 (Dirichlet-like)
D2φ
i = 0 (Neumann-like).
(3.17)
However, considering the field theory result discussed in section 2.1, we expect that
the above boundary condition is generalized to
F01 = 0 (Dirichlet-like)
D2φ
i − 1
2
iijk[φj, φk] = 0 (Nahm-like) .
(3.18)
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That is, we expect that D3-NS5-D5′′ realize the magnetic-like B-type boundary
conditions, which are described by (3.18) including Nahm-like equation. This is
reminiscent of appearance of Nahm equation in half-BPS boundary conditions of
4d N = 4 theories discussed in [4] where the nontrivial boundary conditions for
multiple stack of D3-branes provided by D5-brane are described by Nahm equation
due to the existence of the fluctuating scalar fields A2.
3.3 D3-D5 branes
Next we consider the N D3-branes suspended between the two parallel D5-branes.
In the low-energy limit, the world-volume theory of the D3-branes is a theory of N
massless 3d N = 4 hypermultiplets [14]. The bosonic massless modes in the theories
are the fluctuations of the D3-branes in transverse positions x7, x8, x9 which we will
denote by X 7ˆ, X 8ˆ, X 9ˆ and the scalar field A6. They combine into two complex scalar
fields transforming as (1,2) under SU(2)C×SU(2)H . The mass parameters, {M,φM},
are given by the relative position of the D5-branes along {x3, x4, x5}.
3.3.1 A-type boundary conditions
As discussed in subsection 3.2, we can realize the two-dimensional non-chiral N =
(2, 2) supersymmetry by the introduction of the NS5′- or D5′-branes
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − ◦ ◦ − ◦ − − ◦
D5′ ◦ ◦ − − − ◦ ◦ ◦ ◦ −
(3.19)
as in the configuration (3.6) (see Figure 3).
Under the space-time symmetry SO(1, 1)×SO(2)34×SO(2)78 ∼= SO(1, 1)×U(1)C×
U(1)H , the three scalar fields X
iˆ, iˆ = 7, 8, 9 are divided into the two scalar fields X aˆ,
aˆ = 7, 8 and the scalar field X 9ˆ. As SU(2)H is broken to U(1)H , these scalar fields are
charged under the vector R-symmetry of 2d N = (2, 2) theories.
i) NS5′-brane
As the D3-branes can move along x9 in the presence of NS5′, the scalar field X 9ˆ,
which describes the position of the D3-branes along x9, can fluctuate at the bound-
ary. In addition, the massless modes of the scalar field A6 can also fluctuate as the
NS5′-brane is extended along x6. Thus the additional NS5′-brane keeps the half of
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D5 D5
NS5′
D3
x6
x2
D5 D5
D5′
D3
x6
x2
(a)NS5′-brane (b)D5′-brane
Figure 3: D3-D5 system with NS5′-brane or D5′-brane. NS5′ and D5′-brane provide
the A-type boundary conditions for the pure hypermultiplet where 2dN = (2, 2) chiral
multiplets can fluctuate at the boundary.
the bosonic degrees of freedom of the 3d N = 4 hypermultiplet at the boundary,
∂mX
7ˆ = 0, ∂mX
8ˆ = 0 (Dirichlet-like)
∂2X
9ˆ = 0, ∂2A6 = 0 (Neumann-like) .
(3.20)
Let q = X 7ˆ + iA6 and q˜ = X
8ˆ + iX 9ˆ be two complex scalar fields. Then we have
∂m(Re q) = 0, ∂m(Re q˜) = 0 (Dirichlet-like)
∂2(Im q) = 0, ∂2(Im q˜) = 0 (Neumann-like) .
(3.21)
ii) D5′-brane
As D3-branes can move along x7 and x8 directions, scalar fields X 7ˆ and X 8ˆ cor-
responding to directions x7 and x8 can fluctuate at the boundary. On the other
hand, the scalar field X 9ˆ corresponding to x9 cannot fluctuate at the boundary.
Also, the massless modes associated to A6 cannot fluctuate at the boundary since
D5′ is extended along x6. Similarly to the case with the NS5′-brane, the half of
the bosonic degrees of freedom of the 3d N = 4 hypermultiplet can survive at the
boundary. Therefore we have
∂2X
7ˆ = 0, ∂2X
8ˆ = 0 (Neumann-like)
∂mX
9ˆ = 0, ∂mA6 = 0 (Dirichlet-like) .
(3.22)
Again, in terms of q and q˜ we have
∂2(Re q) = 0, ∂2(Re q˜) = 0 (Neumann-like)
∂m(Im q) = 0, ∂m(Im q˜) = 0 (Dirichlet-like) .
(3.23)
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3.3.2 B-type boundary conditions
Following the arguments for the D3-NS5 brane system, N = (0, 4) supersymmetry can
be preserved at the boundary by adding the NS5′′- or D5′′-branes at x2 = 0 to the
D3-D5 brane configuration where D3-branes are extended along x2 ≥ 0 (see Figure 4)
as
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(3.24)
D5 D5
NS5″
D3
x6
x2
D5 D5
D5″
D3
x6
x2
(a)NS5′′-brane (b)D5′′-brane
Figure 4: D3-D5 system with NS5′′-brane or D5′′-brane. NS5′′-(D5′′-)brane provides
the B-type boundary conditions for the pure hypermultiplet where 2d N = (0, 4)
hypermultiplet (N = (0, 4) Fermi multiplet) can fluctuate at the boundary.
The brane configuration (3.24) preserves R-symmetry SO(4)R = SU(2)C×SU(2)H ∼=
SO(3)345 × SO(3)789 of 3d N = 4 theories and the three scalar fields X iˆ transform as
a triplet under SO(3)789.
i) NS5′′-brane
Since NS5′′-brane is supported on x6, x7, x8, and x9 directions, scalar field A6 and
three scalar fields X iˆ can fluctuate at the boundary. The NS5′′-brane would lead
to the Neumann conditions for these scalar fields
∂2X
iˆ = 0 , ∂2A6 = 0 . (3.25)
These conditions correspond to Neumann boundary conditions (2.122) for the pure
hypermultiplets
∂2q = 0 , ∂2q˜ = 0 (Neumann-like) (3.26)
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ii) D5′′-brane
Since the D5′′-brane is extended in x6 and located at x7, x8, x9, the scalar field
A6 and the three scalar fields describing the position of the D3-branes all satisfy
Dirichlet condition at the boundary,
∂mX
iˆ = 0 , ∂mA6 = 0 . (3.27)
We see that the above conditions (3.27) are equivalent to the conditions (2.123).
Hence, in terms of q and q˜, the conditions read
∂mq = 0 , ∂mq˜ = 0 (Dirichlet-like). (3.28)
3.4 D3-NS5-D5 branes
We consider A- and B-type boundary conditions for SQCD in the context of brane
configuration (3.2).
3.4.1 A-type boundary conditions
Similarly as before, we consider the extra NS5′- or D5′-branes at x2 = 0 in the following
brane configurations,
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′ ◦ ◦ − ◦ ◦ − ◦ − − ◦
D5′ ◦ ◦ − − − ◦ ◦ ◦ ◦ −
(3.29)
As usual, 3d N = 4 vector multiplet is realized in the world-volume of D3-branes.
Also the hypermultiplet is realized as strings connecting D3-branes and D5-branes.
We expect that when NS5′-(D5′-)brane is added, it provides Neumann-(Dirichlet-)like
condition for {Am, φ5} and {Im(q), Im(q˜)}, but Dirichlet-(Neumann-)like condition for
{A2, φa} and {Re(q),Re(q˜)} where m = 0, 1, a = 3, 4.
Since NS5′-brane is located at x7, x8, two of the FI parameters of 3d N = 4
theory would arise in the boundary conditions as the relative positions of NS5 branes
in x7, x8 directions. This brane picture is consistent to the result that the deformed
A-type boundary conditions (2.147) for the coupled hypermultiplets involve the two
FI parameters r and Reφr. In this brane configuration, mass parameters of 3d N = 4
theory are given by the relative distance between D3 and D5 branes in x3, x4, x5
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directions. The mass parameter ImφM , which generalizes the hypermultiplet Neumann
boundary conditions (2.111) to the Robin-type boundary conditions (2.144) is given by
the relative distance between D3-branes and D5-branes along x5 direction where the
position of D3-branes along x5 direction is fixed by NS5′-brane. Meanwhile, the mass
parameter M , which is related to the vev of φ3 of background vector multiplet, has
different nature from ImφM above. Given the position of D5 brane at fixed location of
x3 and x4 directions, since NS5′ brane is supported on x3 and x4 directions, D3 brane
can still move along those directions. This is compatible with the BPS equations
(2.146) that mass parameter M appears in boundary coupling rather than boundary
conditions.
For the D5′-brane, since it is located at x9 direction, the boundary conditions would
be deformed by one of the FI parameters of 3d N = 4 theory as the relative position of
NS5 branes in x9 direction. In field theory analysis, we see that a single FI parameter
Imφr appears in the deformed A-type boundary conditions (2.143) for the coupled
hypermultiplets. As D5′-brane is located at x3, x4 directions, in a similar manner
discussed above, two mass parameters would generalize the hypermultiplet boundary
conditions. Those corresponding two mass parameters M and ImφM appear in the
deformed hypermultiplet boundary conditions (2.140) and (2.142).
3.4.2 B-type boundary conditions
Also, we consider the extra NS5′′- or D5′′-branes at x2 = 0 to the following brane
configurations,
0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ − − − ◦ − − −
NS5 ◦ ◦ ◦ ◦ ◦ ◦ − − − −
D5 ◦ ◦ ◦ − − − − ◦ ◦ ◦
NS5′′ ◦ ◦ − − − − ◦ ◦ ◦ ◦
D5′′ ◦ ◦ − ◦ ◦ ◦ ◦ − − −
(3.30)
Similarly as before, we expect that when NS5′′-(D5′′-)brane is added, it provides
Neumann-(Dirichlet-)like condition for {Am} and {q, q˜}, but Dirichlet-(Neumann-)like
condition for {A6, φi}.
As NS5′′-brane is supported on x7, x8, x9 directions, none of the FI parameters
of 3d N = 4 theory would deform the boundary conditions. This brane perspective
is consistent with the result that the deformed B-type boundary conditions (2.148)
for the coupled hypermultiplets involve no FI parameters in the boundary conditions.
As NS5′′-brane is located at x3, x4, and x5 directions, in a similar manner discussed
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above, three mass parameters (M,φM) would appear in boundary conditions. In field
theory analysis, we see that the hypermultiplet Neumann boundary conditions (2.122)
is generalized to the Robin-type boundary conditions (2.148) by all the three mass
parameters M i.
In the case of the D5′′-brane, which is located at x7, x8, x9 directions, all the
three FI parameters riˆ would deform the boundary conditions. This can be seen from
the deformed B-type boundary conditions (2.150) for the coupled hypermultiplets.
Since the D5′′-brane is supported in x3, x4, x5 directions, mass parameters would not
appear in boundary conditions. In fact, the deformed B-type hypermultiplet boundary
conditions (2.149) and (2.150) are not affected by mass parameters.
3.5 S-duality
From the analysis on the half-BPS boundary condition of 3d N = 4 theory, we saw
that which 2d supermultiplet of N = (2, 2) and N = (0, 4) from bulk 3d N = 4
multiplet arise at the boundary. We also found that such boundary condition can be
consistently understood in terms of brane configurations of Type IIB string theory.
Upon S-duality of Type IIB string theory, the 3d N = 4 theory arising from a
given brane configuration enjoy the mirror symmetry [14]. With additional branes
that provide the half-BPS boundary condition discussed in previous sections, it is
interesting to see the relation between the boundary degrees of freedom arising from
a particular brane configuration and those arising from S-dual configuration of the
original brane configuration. In general, this could be nontrivial task, but here we just
take the simplest cases, pure vector multiplet and pure hypermultiplet, discussed in
previous section, and would like to see how the boundary degree of freedom from the
bulk 3d N = 4 multiplet are mapped to each other.
3.5.1 A-type
In this case, we have U(1)C × U(1)H R-symmetry of 2d N = (2, 2) theory, which is
the axial and vector R-symmetry, from original SU(2)C × SU(2)H R-symmetry of 3d
N = 4. As SU(2)C and SU(2)H are exchanged under RS map11, so U(1)C and U(1)H
are exchanged. Hence it is expected that 3d N = 4 mirror symmetry is closely related
to 2d N = (2, 2) mirror symmetry through S-duality in Type IIB string theory. In
fact, it has been argued that 3d mirror symmetry decends to 2d mirror symmetry via
compactification [26] and also that 2d N = (2, 2) interface theory between 3d N = 4
11 In brane configuration of Type IIB string theory, R of RS map denotes the the map xi to xi+4
where i = 3, 4, 5 and S denotes S-duality [14]. In the followings, we mean S-duality by RS-duality.
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mirror pairs produce mirror map of 2d N = (2, 2) chiral and twisted chiral operators
[10]. We see for the following simplest example that the 2d mirror map is realized as
S-duality in Type IIB string theory.
i) D3-NS5-NS5′ S-dual←→ D3-D5-D5′
The boundary degree of freedom from the bulk 3d N = 4 vector multiplet arising in
D3-NS5-NS5′ system is 2d N = (2, 2) vector multiplet or field strength multiplet,
which is a twisted chiral multiplet. On the other hand, the one from the bulk 3d
N = 4 hypermultiplet arising in D3-D5-D5′ system is 2d N = (2, 2) chiral multiplet
in the adjoint representation. As two brane configurations are S-dual, which gives
rise to mirror pair between the pure vector multiplet and the pure hypermultiplet
in the bulk, we see that the twisted chiral multiplet and chiral multiplet at the
boundary x2 = 0 are exchanged under S-duality of Type IIB string theory or 3d
N = 4 mirror symmetry. This is consistent with 2d N = (2, 2) mirror symmetry.
ii) D3-NS5-D5′ S-dual←→ D3-D5-NS5′
Similarly, in this case, the boundary degree of freedom from the bulk vector mul-
tiplet arising in D3-NS5-D5′ system is 2d N = (2, 2) twisted chiral multiplet, and
the one from the bulk hypermultiplet arising in D3-D5-NS5′ is 2d N = (2, 2) chiral
multiplet. Under S-duality of the brane configuration, those two 2d N = (2, 2) su-
permultiplet are mapped each other, which is consistent with 2d N = (2, 2) mirror
symmetry.
3.5.2 B-type
The 2d N = (0, 4) mirror symmetry has not been studied much in literature.12 We
expect that the N = (0, 4) theory arising from (more general or complicated version
of) our brane configuration and the theory arising from the corresponding S-dual
configuration give rise to the N = (0, 4) mirror pair. In 2d N = (0, 4) gauge theory
may receive the anomaly from massless charged chiral fermions running in one-loop
[28] and we should take into account the cancelation of gauge anomaly to obtain the
effective theories. We hope to revisit this issue in the context of brane configuration.
Here, we only consider the map between the 2d N = (0, 4) supermultiplets at the
boundary arising from the 3dN = 4 pure vector multiplet and the pure hypermultiplet
discussed in previous section.
i) D3-NS5-NS5′′ S-dual←→ D3-D5-D5′′
12The 2d N = (0, 4) mirror symmetry could be understood as the special case of 2d N = (0, 2)
mirror symmetry [27].
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The boundary degree of freedom from 3d N = 4 vector multiplet arising in D3-
NS5-NS5′′ system is 2d N = (0, 4) vector multiplet, and the one from 3d N = 4
hypermultiplet arising in D3-D5-D5′′ system is 2d N = (0, 4) Fermi multiplet.
The 2d N = (0, 4) vector multiplet is made of N = (0, 2) vector multiplet and
Fermi multiplet in adjoint representation where the N = (0, 2) vector multiplet
can be expressed as N = (0, 2) field strength multiplet, which is N = (0, 2) Fermi
multiplet. The fermions in N = (0, 4) vector multiplet is charged under SO(1, 1)×
SU(2)C×SU(2)H as (2,2)−. Meanwhile, the N = (0, 4) Fermi multiplet is made of
two N = (0, 2) Fermi multiplet in conjugate representation of gauge group G, and
it is charged under SU(2)C × SU(2)H as (1,1)−. Since there are four real fermions
in the vector multiplet, under the S-duality of IIB theory, the number of fermions
is matched with the number of them in Fermi multiplet though it is not quite sure
to explain the relation of their R-charges in the scope of this paper. It seems that
better understanding is needed for this case.
ii) D3-NS5-D5′′ S-dual←→ D3-D5-NS5′′
The boundary degree of freedom from the bulk 3d N = 4 vector multiplet arising
in D3-NS5-D5′′ system is 2d N = (0, 4) twisted hypermultiplet, and the one from
the 3d N = 4 hypermultiplet arising in D3-D5-NS5′′ system is 2d N = (0, 4)
hypermultiplet. Upon S-duality, SU(2)C and SU(2)H are exchanged, so twisted
hypermultiplet are mapped hypermultiplet, vice versa.
4 Conclusion and discussion
In this paper, we studied the half-BPS boundary conditions in 3d N = 4 gauge theo-
ries preserving N = (2, 2) and (0, 4) supersymmetries at the boundary, which we call
A-type and B-type, respectively. We calculated the BPS boundary equations for vec-
tor multiplet and hypermultiplet involving gauge coupling, FI and mass deformations.
We also saw that 3d bulk supermultiplets are decomposed to the boundary supermul-
tiplet of preserved supersymmetry. We found that the boundary BPS equations for
the vector multiplet, in particular, give rise to Nahm-like equation in the magnetic-like
B-type boundary conditions. For the hypermultiplet we saw that the Neumann-like
boundary conditions for scalar components of hypermultiplet are generalized to Robin-
type boundary condition upon turning on gauge coupling and mass deformation. We
proposed brane configurations in Type IIB string theory realizing such N = (2, 2)
and (0, 4) BPS boundary conditions in 3d N = 4 theories, and checked that they are
consistent with the analysis in field theory. We also saw how the boundary supermul-
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tiplets from the bulk supermultiplets are mapped under S-duality of Type IIB theory.
In order to study the supersymmetric vacua of 3d N = 4 gauge theory on half-
space, it is necessary to study the BPS boundary conditions in detail. A notable
consequence is that we get Nahm-like equation in vector multiplet boundary conditions
of B-type. It is interesting to analyze these BPS equations in a similar way discussed
in [4] for 4d N = 4 SYM theories.
Brane realization of 2d gauge theories with (2, 2) and (0, 4) supersymmetries is one
of interesting subjects.13 In particular, there is an anomaly issue in 2d N = (0, 4)
theories and it would be interesting to know how such anomaly condition can arise
in Type IIB string theory. Also, as we briefly discussed for the boundary degrees of
freedom from the bulk supermultiplets, realization of 2d N = (0, 4) theories in the
brane configuration will tell us, via S-duality of Type IIB theory, a mirror dual theory
of a given 2d N = (0, 4) theory from the corresponding brane configurations. With
anomaly issue taken into account, study of mirror symmetry of 2d N = (0, 4) theory
via Type IIB S-duality would be one of intriguing directions.
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A 3d N = 2 superspace and superfields
A.1 Spinors and superspace
We use the metric ηµν = η
µν = diag(−1, 1, 1) and 2× 2 γµ matrices satisfy
{γµ, γν} = 2ηµν . (A.1)
13Other brane realizations for 2d N = (2, 2) and (0, 4) have been discussed in [29, 30], respectively.
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γ0 is taken as anti-hermitian and γ1 and γ2 as hermitian. We introduce a three-
dimensional charge conjugation matrix , which have the following properties:
† = −1, T = −, (γµ)T = γµ. (A.2)
Two-component spinors ψα with upper or lower indices transform as
ψα := αβψ
β, ψα = (−1)αβψβ. (A.3)
We use the following summation convention:
(χψ) := χαψα = χ
ααβψ
β, (γµψ)α = γµαβψ
β, (γµψ)α = (γ
µ)αβψ
β. (A.4)
We define σ-matrices as
σµ := γµ, (A.5)
and use the summation expression ξσµψ := ξα(γµ)αβψ
β. We define the conjugation
by
ψ¯α := −ψ†β(γ0)βα . (A.6)
Here are useful spinor formulae:
ξψ = ψξ, ξσµψ = −ψσµξ,
ψσµψ = 0, ψγµνχ = −χγµνψ, (A.7)
(ξψ)† = −ψ¯ξ¯, (ξσµψ)† = ψ¯σµξ¯ = −ξ¯σµψ¯, (A.8)
θαθβ =
1
2
αβθθ, θ
αθβ = −1
2
(−1)αβθθ, (A.9)
(θψ)(θχ) = −1
2
(θθ)(ψχ), (A.10)
(θσµχ)(θψ) = −1
2
θθψσµχ, (A.11)
θσµθ¯θσν θ¯ =
1
2
θθθ¯θ¯ηµν , (A.12)
−1
2
(χλ)(ψξ)− 1
2
(χσµλ)(ψσµξ) = (χξ)(ψλ), (A.13)
where ψ, ξ, θ, λ are two-component spinors.
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We consider the 3d N = 2 superspace coordinates (xµ, θα, θ¯α) which transform
as xµ → xµ − iσµθ¯ − i¯σµθ, θ → θ +  and θ¯ → θ¯ + ¯ under the supersymmetry
transformations. Let us define the following supersymmetric derivatives:
Qα :=
∂
∂θα
− i(σµθ¯)α∂µ, Qm := −
∂
∂θ¯α
+ i(σµθ)α∂µ, (A.14)
Dα :=
∂
∂θα
+ i(σµθ¯)α∂µ, Dα := − ∂
∂θ¯α
− i(σµθ)α∂µ. (A.15)
They have the anti-commutation relations
{Qα, Qβ} = 2iσµαβ∂µ, {Dα, Dβ} = −2iσµαβ∂µ, (A.16)
with all the other anti-commutators vanishing. The supersymmetry transformation of
a superfield Φ(x, θ, θ¯) is expressed as
δΦ(x, θ, θ¯) = (ξQ− ξQ)Φ. (A.17)
A.2 Supermultiplet
A.2.1 Chiral multiplet
Chiral superfield Φ(x, θ, θ¯) is defined by the constraint
DαΦ = 0. (A.18)
Using yµ := xµ + iθσµθ¯, one can obtain the component field representations:
Φ = Φ(y, θ)
= φ(y) +
√
2θψ(y) + θθF (y)
= φ(x) + iθσµθ¯∂µφ(x)− 1
4
θθθ¯θ¯∂2φ(x) +
√
2θψ(x) +
i√
2
(θθ)(θ¯σµ∂µψ(x)) + θθF (x).
(A.19)
Similarly the anti-chiral superfield Φ¯(x, θ, θ¯) obeying the constraint DmΦ¯ = 0 can be
obtained from (A.19) by conjugation:
Φ¯ = φ¯(x)− iθσµθ¯∂µφ¯(x)− 1
4
θθθ¯θ¯∂2φ¯(x)−
√
2θ¯ψ¯(x)− i√
2
(θ¯θ¯)(θσµ∂µψ¯(x))− θ¯θ¯F¯ (x).
(A.20)
A.2.2 Vector multiplet
Vector superfield satisfies the relation
V = V . (A.21)
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Choosing the Wess-Zumino gauge we obtain
V = −θσµθ¯Aµ + iθθ¯σ − iθθθ¯λ¯+ iθ¯θ¯θλ− 1
2
θθθ¯θ¯D(x). (A.22)
One can express a field strength as a linear multiplet:
Σ := − i
2
DDV. (A.23)
In the components it is expressed as
Σ = σ + θλ¯− λθ¯ − i(θ¯θ)D + 1
2
(θ¯γµνθ)Fµν
− i
2
θθ(θ¯σµ∂µλ¯) +
i
2
θ¯θ¯(θσµ∂µλ) +
1
4
θθθ¯θ¯∂µ∂µσ. (A.24)
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